When the longitudinal or shear elastic wave falls to the anisotropic layer, some part of the energy is reflected and transmitted by the layer in the form of waves of the same type as the incident one. In addition to these waves anisotropic layer can generate waves of other polarizations. The method of calculating the amplitudes of the waves that are scattered by anisotropic layer is developed. The coefficients of elastic waves conversion from one type (horizontally polarized shear wave, vertically polarized shear wave and longitudinal wave) to another are defined.
Introduction
The calculation of acoustic wave's scattering in layered media is an important component in the solution of many tasks of seismology [1, 2] and physics of crystals [3, 4] . Theoretical studies of elastic waves in solid media are based on the equations of motion and Hooke's law, which in Cartesian coordinate system can be represented, respectively, as s ghlm p lm , g, h = 1, 2, 3, (1) where ρ is a density; t is a time; x 1 , x 2 , x 3 denote Cartesian coordinates and u g , p gj , s ghlm accordingly represent components of displacement vector, stress tensor and compliance tensor. The standard approach to the study of elastic waves in homogeneous isotropic media begins from transformation the system (1) in the equation with respect to the displacement vector (Lame equation) [4] or wave equations with respect to scalar and vector potentials [1] and finishes by separate consideration of propagation SH waves and P -SV waves.
Methods for solving such equations are well known and allow us to find the geometrical characteristics and amplitudes of waves reflected by and transmitted through isotropic layer. The problem becomes much more complicated for an anisotropic medium. The incident plane wave in general case engenders in the anisotropic layer six waves that interact with each other. The problem of determining the coefficients of one wave conversion into the other (for example SH wave into SV wave) have great practical importance. Usually [3, 4] the study of waves in an anisotropic medium is based on the solution of the eigenvalues problem (calculation of the kinematic characteristics, such as velocities of waves) related to the wave equations. The matrix method [5] of solution of wave equations provides a more efficient calculation the amplitudes of the scattered waves. The development and application of this method for conversion coefficients computation is the purpose of this work.
Conversion coefficients of elastic waves
We consider waves that are generated in the isotropic solid half-spaces z < 0 and z > d, bounding anisotropic layer, under the influence of plane elastic wave. The displacement vector u 0 in this wave oscillates with the amplitude A 0 and the circular frequency ω:
Here and below i is imaginary unit. The direction of propagation of incident wave is given by the wave vector k 0 and shown in Fig. 1a .
P r o p o s i t i o n 1. If the dencity ρ and components of compliance tensor s ghlm depend only one coordinate x 3 , then functions u j = u j (x 1 , x 2 , x 3 , t) and p lm = p lm (x 1 , x 2 , x 3 , t), j, l, m = 1, 2, 3, that satisfy relations (1) and caused by (2), must have identical dependencies on coordinates x 1 , x 2 and time t, exact as in incident wave (2):
, where ψ j = ψ j (x 3 ), j = 1, . . . , 9 express unknown x 3 -dependencies of the functions u 2 , p 23 , u 1 , u 3 , p 31 , p 33 , p 11 , p 22 , p 12 respectively.
The proof of this proposition follows from the solution of (1-2) by the method of separation of variables.
Transfer matrix of elastic waves
C o r o l l a r y 1.1. The column matrix Ψ = ψ 1 ψ 2 ψ 3 ψ 4 ψ 5 ψ 6 T satisfies the equation
where nonzero elements w gh of the matrix W have following values [5] : 
S gh , g, h = 1, . . . , 6 denote compliance tensor's components in the matrix repre-
The fundamental matrix T ≡ t gh of the system (3) expresses components of the vector function Ψ(d) through components of Ψ(0):
In the theory of diffraction [2, 5] and below in this work T is called transfer matrix. For a homogeneous layer (ρ = const, S gh = const) transfer matrix depends on the matrix W (see formulas (4)) as matrix exponential:
The components of the vectors Ψ(0) and Ψ(d)
The components of the vector function Ψ at the boundaries of an anisotropic layer (Ψ(0) and Ψ(d)) we find from solutions of equations (1) in the regions z ≤ 0 and z ≥ d. In isotropic medium nonzero components of compliance tensor is expressed through two Lamé parameters λ and µ: S 11 = S 22 = S 33 = (λ + µ)/[µ(3λ + 2µ)], S 12 = S 13 = S 23 = −λ/[2µ(3λ + 2µ)], S 44 = S 55 = S 66 = 1/µ. Differential equation (3) in this case separates into two systems. The solutions of these equations are well known [1, 2] and correspond to the longitudinal (P wave) and two shear (SH-type and SV -type) waves:
are wave velocities and indices 1 and 2 denote values in the regions z < 0 and z > d respectively. Therefore, the general solution of the problem (1-2) for the components u j , j = 1, 2, 3, of displacement vector u in the regions z ≤ 0 and z ≥ d has the form
Hereinafter the time dependence is omitted. Coefficients c gh , g = 0, . . . , 6, h = 1, 2, 3 are defined in the Table. Values of coefficients c 0h are given for the three types of the incident wave: SH wave with amplitude A 0 1 , SV wave with amplitude A 0 2 , P wave with amplitude A 0 3 .
T a b l e. The direction cosines of the amplitude vectors
The vector The direction cosines with respect to the axis A P 2 c 61 = sin θ P 2 cos α c 62 = sin θ P 2 sin α c 63 = cos θ P 2 C o r o l l a r y 1.2. The wave vectors k 0 , k S 1 , k P 1 , k S 2 , k P 2 lie in one and the same plane, so that
and their projections on the axis x 1 and x 2 are equal to k 01 = k 0 sin θ 0 cos α and k 02 = k 0 sin θ 0 sin α respectively.
Figure 1: The geometry of wave scattering. a) Angles of incidence θ 0 and α. b) Directions of S and P waves propagation.
Representations of stress tensor components p 23 , p 31 and p 33 through amplitudes A 0 and
we obtain by substitution u j from (7) into the Hooke's law, which in isotropic medium has the form:
The components of the vector function Ψ(0) and Ψ(d) we shall find directly from comparison of definitions of the functions ψ j (x 3 ) (see page 5542) with equalities (7) and similar formulas for components of stress tensor. As a result, if the amplitude of the incident wave is taken as a unit we have: 
Representation of conversion coefficients
The distribution of the incident wave energy between waves SH 1 , SV 1 , P 1 , SH 2 , SV 2 , P 2 we characterize by the coefficients of conversion of elastic waves
where notations A h are defined by (8). In particular, C 11 , C 22 and C 33 represent the coefficients of reflection of SH-, SV -and P -waves respectively. Substitution of expressions (9) into the formula (5) gives a system of algebraic equations with respect to the amplitudes A h , h = 1, . . . , 6. The solution of this system gives the following representation for the conversion coefficients:
where h = 1, . . . , 6; determinants D, D h are composed of elements
and t gj are elements of the transfer matrix (6). The method for calculation of the transfer matrix is considered in the next section.
The method of calculation
The basic property of the exponential function allows us to represent a matrix (6) as follows:
Transfer matrix T of the sixth order, according to [5, 6] can be calculated by means of the formulas 1 :
Here p j (v qr ) denote the coefficients of characteristic equation for matrix V . Polynomials B l (v qr ) are defined by recurrence relations [7] :
The procedure for computing the matrix A according to (13-14) begins from the choice of the scaling parameter m = 2 j and number N (see formula (13)). These values must satisfy the conditions [5] :
The second of the relations (15) is an estimation of the truncation error m in the calculation of the matrix T by the formulas (13). It reflects the fact that the error of measurements of density ρ and the tensor components S gh is usually greater than 10 −3 . The calculations of the matrices V 2 , . . . , V 5 and the coefficients p j are performed by the method of Le Verrier [7] . Algorithms for calculating polynomials B j (v qr ), j = 6, . . . , N + 5, and matrix A by equations (14) and (13), respectively, are obvious. Finally, the transfer matrix T = A 2 j is found by:
where polynomials B j (a qr ) are defined by equations similar to (14) (v qr are replaced by a qr ).
P r o p o s i t i o n 2. Let N 1 and N 2 are the numbers of arithmetic additions and multiplications which are required for computations A 2 j by the formulas (16) (j-fold squaring) and (17) respectively. There is an algorithm for computation A 2 j by the formula (17) in which N 2 < N 1 if j ≥ 6. P r o o f. An example of such an algorithm for second order matrices was presented in [6] . A similar approach for the matrices of the sixth order gives N 1 /N 2 > 396j/(1563 + 122j). Thus (17) 0.8
The example of the results of calculations by formulas (11) -(17) is shown in Fig. 2 . Here the dependencies of conversion coefficients C gh from angles of incidence for crystalline layer Si are presented. Plane z = 0 coincides with the crystal surface (001). In the crystal Si nonzero components of compliance tensor according to [3] An amplitude A j of scattered wave can be greater than the amplitude of the incident wave A 0 (see for example curves 9 and 12 in Fig. 2a) . This is agree with the law of conservation of energy flow: v 0 cos θ 0 = (C g1 + C g2 )v S 1 cos θ S 1 + (C g4 + C g5 )v S 2 cos θ S 2 + 2 j=1 C g(3×j) v P j cos θ P j .
If incident wave is SH-or SV -type the amplitudes of the longitudinal waves have maximum values at the critical angles of incidence which are defined by conditions sin θ 0 C = k P j /k 0 , j = 1, 2. In the considered case they equal θ 0 C = 39.13
• . If θ 0 > θ 0 C , inhomogeneous longitudinal plane waves propagate along the interfaces z = 0 (in the region z < 0) and z = d (in the region z > d). The dependencies C 13 (θ 0 ), C 16 (θ 0 ), C 23 (θ 0 ) for these inhomogeneous waves are shown in Fig. 2b by the dashed lines.
In conclusion we note that the method of conversion coefficients calculation does not require a finding kinematic characteristics of the waves in the anisotropic layer. This simplifies calculations and makes them more reliable.
